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We examine the generation and evolution of perturbations in a universe dominated by a fluid
with stiff equation of state p = ρ. The recently proposed Holographic Universe is an example of
such a model. We compute the spectrum of scalar and tensor perturbations, without relying on
a microphysical description of the p = ρ fluid. The spectrum is scale invariant deep inside the
Hubble horizon. In contrast, infrared perturbations that enter the Hubble horizon during the stiff
fluid dominated (holographic) phase yield oscillatory and logarithmic terms in the power spectrum.
We show that vector perturbations grow during the stiff fluid dominated epoch and may result in
a turbulent and anisotropic Universe at the end of the holographic phase. Therefore, the required
period of inflation following the holographic phase cannot be much shorter than that required in
standard inflationary models.
PACS numbers: 98.80.Cq.
I. INTRODUCTION
Over the last few years many attempts have been
made to merge string theory with cosmology. These
models incorporate certain aspects of string theory like
extra dimensions, branes, T-duality etc., and often
drastically change our picture of the early Universe.
Some popular examples are the KKLMMT model [1],
the Cyclic/Ekpyrotic model [2, 3], Brane Gas Cosmol-
ogy [4, 5, 6], Randall-Sundrum phenomenology [7, 8] and
the Pre-Big-Bang scenario [9, 10] [54]. Ultimately, these
models must make contact with experimental observa-
tion; one of the most demanding being the observation
of a nearly scale invariant spectrum of density fluctua-
tions [19]. So far, these models rely on inflation (in some
form or another) in order to generate such a spectrum.
Recently, a radical new model based on the holographic
principle of ’t Hooft and Susskind [20, 21] was proposed
by Banks and Fischler (BF) [22, 23, 24, 25, 26]. In this
model the initial state of the Universe is described by
a stiff fluid (with equation of state p = ρ) that sat-
urates the holographic covariant entropy bound. The
model conforms with standard cosmology (obeys the Ein-
stein equations with Friedmann-Robertson-Walker met-
ric) with this unusual form of matter. While we focus
on the Holographic Universe model, a number of authors
have considered cosmological aspects of such a stiff fluid
in the literature and our conclusions generalize to those
models as well [27]-[37], [55]. The microphysical interpre-
tation of this fluid is a dense gas of black holes [23] which
is argued by BF to emerge naturally from a quantum-
gravity regime.
It is claimed that, during the holographic phase, a scale
invariant spectrum of perturbations is generated inside
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the Hubble horizon. Thereafter, it is inflated to super-
Hubble scales during a short burst of inflation [23]. A
careful calculation of the spectrum and an implementa-
tion of the inflationary phase needs to be performed [56].
In this article, we address the first of these issues and
compute the spectrum of scalar and tensor perturbations
inside the Hubble horizon. The spectrum originates from
sub-Hubble ultraviolet (UV) perturbations, and infrared
(IR) perturbations that crossed the Hubble radius during
the holographic phase. We find that UV perturbations do
indeed yield a scale invariant spectrum; however, IR per-
turbations have oscillatory and logarithmic corrections to
scale invariance.
Vector perturbations (VP) are found to grow during
the holographic phase. We argue that the Universe will
become turbulent and anisotropic if the p = ρ fluid domi-
nates for a long enough time. We speculate that it might
be this feature that puts an end to the holographic phase,
since the Universe is no longer describable by an effective
p = ρ fluid.
Our main conclusion is that due to the imprints of IR
perturbations, a rather long phase of inflation is required
to make the holographic model consistent with obser-
vations. Although the holographic cosmology proposal
does not eliminate the need for a period of cosmological
inflation, there is hope that it will help resolve the initial
singularity [26, 39].
II. BACKGROUND
We work with mostly negative signature (+,−,−,−),
scale factor a(η), conformal time η and we assume a flat,
Friedmann-Roberston-Walker Universe, so that
ds2 = a2d η2 − a2δijd xid xj . (1)
The matter content is modelled by an ideal fluid
Tαβ = (ρ+ p)u
α uβ − pδαβ , (2)
2where p is the fluid’s pressure, ρ is its energy density, and
uα is its four velocity satisfying uαuα = 1 (given in a
comoving frame by (uα) = (a, 0, 0, 0)). The unperturbed
Einstein equations read
Gαβ =
1
k24
Tαβ , (3)
where k−24 = 8piG, so that
2
a′′
a
−
(
a′
a
)2
= −a
2p
k24
, (4)
3
(
a′
a
)2
=
a2ρ
k24
, (5)
yielding the well known relation ρ ∼ a−3(1+w) for the
equation of state p = wρ. In the above and throughout,
prime denotes differentiation with respect to conformal
time η.
The Holographic Universe model [22, 23, 24, 25, 26] is
characterized by an equation of state parameter w = 1
so that
a(η) =
√
η , (6)
ρ(η) = ρ0η
−3 . (7)
The microphysical interpretation of such a fluid is in-
volved, but is not required in the following analysis [57].
III. SCALAR PERTURBATIONS
A. Metric
In the longitudinal gauge the most general perturbed
metric is given by
ds2 = a2
[
(1 + 2Φ)d η2 − (1 − 2Ψ)δijd xid xj
]
. (8)
Note that the two Bardeen potentials agree with the
gauge invariant scalar metric perturbations – there is
no residual gauge freedom. Since we do not consider
anisotropic stress, the off-diagonal Einstein Equations
yield
Φ = Ψ , (9)
so that only one scalar metric degree of freedom remains.
B. Matter and Metric
Since we do not want to rely on a microphysical realiza-
tion of the holographic matter, it is not straightforward
to identify the gauge invariant, scalar degree of freedom,
once matter is added. Fortunately, this difficult enter-
prise has already been carried out in [40], yielding the
single gauge invariant degree of freedom
v =
1√
6l
(φv − 2zΨ) , (10)
where l =
√
8piG/3, φv is the velocity potential for the
perturbation of the four velocity δui, that is
φv,i = −2
√
βa2
cs
δui , (11)
and z is given by
z =
a
√
β
Hcs , (12)
cs =
p′
ρ′
, (13)
β = H2 −H′ , (14)
where H = a′/a. Thus with p = ρ and our background
solution (6) we have
β =
3
4η2
, (15)
cs = 1 , (16)
z =
√
3η . (17)
The advantage of v lies in the fact that its action takes
the simple form of a scalar field with time dependent
mass
Sv =
1
2
∫
d4x
(
v′2 − δijv,iv,j + z
′′
z
v2
)
, (18)
and thus v can be quantized in a straightforward way
[40].
IV. SCALAR PERTURBATIONS IN THE p = ρ
ERA
Ultimately, we are interested in the power spectrum
|δΦ(η, k)| =
(
3l2
8pi2
)1/2 √
βz
acs
1√
k
∣∣∣∣∣
(
vk(η)
z
)′∣∣∣∣∣ , (19)
where the mode functions vk(η) satisfy the equation of
motion derived from (18) (in momentum space)
v′′k +
(
c2sk
2 − z
′′
z
)
vk = 0 . (20)
For our specific background the general solution is
vk(η) = Ak
√
ηJ0(ηk) +Bk
√
ηY0(ηk) , (21)
where Ak and Bk are determined by initial conditions
and Jn and Yn are Bessel functions. We assume the fluc-
tuations are seeded by quantum vacuum fluctuations and
adopt the following general initial conditions that define
the vacuum at η = ηi
vk(ηi) = k
−1/2M(kηi) , (22)
v′k(ηi) = k
1/2iN(kηi) , (23)
3where N and M obey NM⋆ +N⋆M = 2 and the condi-
tions
|M(kηi)| → 1 , (24)
|N(kηi)| → 1 , (25)
for kηi >> 1. Note that the short wavelength behavior is
generic for most choices of the vacuum.
A. Short Wavelength
For the short wavelength part of the spectrum, that is
kη >> 1, the Bessel functions can be expanded
J0(kη) ≃
√
2
pikη
cos(kη − pi/4) +O
(
1
kη
)
, (26)
Y0(kη) ≃
√
2
pikη
sin(kη − pi/4) +O
(
1
kη
)
. (27)
Using (21) and the initial conditions (22)-(23) the mode
functions are given by
vk(η) = − iN√
k
cos(k(η − ηi))− M√
k
sin(k(η − ηi)) . (28)
With this, the background solution (6) and (16)-(17) the
spectrum (19) is
|δΦ(η, k)| =
√
9
32
l
pi
× (29)∣∣∣∣∣ 1η3/2 (M cos(k(η − ηi))− iN sin(k(η − ηi)))
+
1
6kη5/2
(iN cos(k(η − ηi)) +M sin(k(η − ηi)))
∣∣∣∣∣ .
If we focus on the dominant solution ∼ η−3/2, we see
that the spectrum has a scale invariant shape, since the
initial conditions (24) and (25) give
|δΦ(η, k)| =
√
9
32
l
piη3/2
. (30)
Note that this is essentially the spectrum that is gener-
ated during inflation inside the Hubble horizon [40].
So far, we have only considered the short wavelength
fluctuations. However, in the stiff fluid dominated phase,
IR fluctuations are entering the Hubble horizon. If a sub-
sequent inflationary phase lasts for only a few e-foldings,
these primordial IR perturbations can leave an imprint
on the CMBR.
B. Long wavelength
To discuss the long wavelength perturbations we need
the general solution (21). To compute the coefficients Ak
and Bk we must choose quantum initial conditions. How-
ever, this task is not as straightforward as in the short
wavelength case, since there are ambiguities associated
to the choice of vacuum [41]. Therefore, we will consider
two general choices:
1. The same initial conditions as for the short wave-
length perturbations (22) and (23)
vk(ηi) = k
−1/2 , (31)
v′k(ηi) = ik
1/2 , (32)
this is a sensible choice (e.g. for non-exotic mat-
ter with p ≤ ρ/3, since the oscillator (20) becomes
tachyonic in that case; see [42] for more details).
2. Realizing that−z′′/z = 1/4η2 > 0, we can straight-
forwardly quantize the oscillator [40], yielding
vk(ηi) = E
−1/2 = (2ηi)
1/2 , (33)
v′k(ηi) = iE
1/2 = i(2ηi)
−1/2 , (34)
where we took the “energy” as E2 = −z′′/z in the
limit kηi << 1, with z =
√
3η.
Computing Ak and Bk is then straightforward. Now
one can compute an exact analytic expression for the
spectrum of pertrubations (19) – note that there is no
matching condition required, as we know the exact so-
lution to (20). However, since the exact expression is
quite cumbersome, we shall also provide an approximate
solution valid for kηi << 1 and kη >> 1; this approxima-
tion is good for the spectrum of perturbations (19) inside
the Hubble radius originating from IR perturbations that
crossed the horizon during the holographic (p = ρ) phase.
With τ ≡ kη and τi ≡ kηi we find
4∣∣∣δ(1)Φ (η, k)∣∣∣ = 3
√
2
16
l
pi
k3/2
τ
3/2
i τ
|J1(τi)Y0(τi)− Y1(τi)J0(τi)|−1
[
[J1(τ)]
2
[Y0(τi)]
2
+ [Y1(τ)]
2
[J0(τi)]
2
+4τi
(
[J1(τ)]
2
Y0(τi)Y1(τi) + J1(τ)Y1(τ) [J0(τi)Y1(τi) + J1(τi)Y0(τi)] + [Y1(τ)]
2
J0(τi)J1(τi)
)
+4τ2i
(
(J1(τ)Y0(τi)− Y1(τ)J0(τi))2 + (J1(τ)Y1(τi)− Y1(τ)J1(τi))2
)]1/2
(35)
≃ 3
16
l
pi3/2
1
η3/2
1√
kηi
∣∣∣∣2 cos(kη + pi4
)[
γ + ln
(
kηi
2
)
+ 2
]
− pi sin
(
kη +
pi
4
)∣∣∣∣ , (36)∣∣∣δ(2)Φ (η, k)∣∣∣ = 3
√
2
8
l
pi
k3/2
τiτ
|J1(τi)Y0(τi)− Y1(τi)J0(τi)|−1
[
[J1(τ)]
2
[Y0(τi)]
2
+ [Y1(τ)]
2
[J0(τi)]
2
−2τi
(
[J1(τ)]
2
Y0(τi)Y1(τi)− J1(τ)Y1(τ) [J0(τi)Y1(τi) + J1(τi)Y0(τi)] + [Y1(τ)]2 J0(τi)J1(τi)
)
+2τ2i (J1(τ)Y1(τi)− Y1(τ)J1(τi))2
]1/2
(37)
≃ 3
16
l
pi3/2
1
η3/2
√
2
[(
2 cos
(
kη +
pi
4
) [
γ + ln
(
kηi
2
)
+ 2
]
− pi sin
(
kη +
pi
4
))2
+
(
2 cos
(
kη +
pi
4
)[
γ + ln
(
kηi
2
)]
− pi sin
(
kη +
pi
4
))2 ]1/2
, (38)
where the superscript (1,2) denotes the choice of the ini-
tial conditions and γ is Euler’s constant. Clearly, the
specturm is not scale invariant.
C. Discussion
Comparing (36) and (38) with (30) we see that IR per-
turbations do not yield a scale invariant spectrum once
they cross the Hubble horizon. Independent of the initial
vacuum choice, a logarithmic and an oscillatory correc-
tion are present. Furthermore, the spectrum is propor-
tional to η−3/2 as it was for UV perturbations in (30), so
this is a significant effect. Note, the factor ∼ (kηi)−1/2
in (36) depends on the initial conditions given on super
Hubble scales – this is not surprising since ambiguities
are well known to arise on super Hubble scales [41]. The
amplitude of the oscillations is not suppressed by small
numbers. This is in contrast to the case of the minimal
trans-Planckian approach to inflation where the ampli-
tudes are of order H/Mp [43].
Deep inside the Hubble horizon the spectrum of fluctu-
ations is scale invariant according to (30), but due to IR
fluctuations entering during the holographic phase, the
spectrum becomes k-dependent according to (36) or (38)
(even inside the Hubble horizon). For the oscillatory ef-
fects to be invisible in the CMBR, a period of inflation
after the p = ρ phase has to last for a sufficient number
of e-foldings.
Were we would like to get an impression of the portion
of the Hubble radius that must inflate at the end of the
Holographic phase in order to make the oscillations of the
IR modes unobservable in the CMBR today. Consider an
initial patch of the Universe during the holographic phase
with Hubble radius H−1. Now let the scale factor grow
by a few orders of magnitude (say 103). During this time
the Hubble radius will grow as H−1 ∼ a3. An initial
quantum fluctuation with physical wavelength of order
the Hubble radius has λph(η)/rH(η) ∼ 1/a(η)2, (since
λph ∼ a). So, if inflation sets in after the scale factor has
grown by the three orders of magnitude a patch with a
radius of about 10−6H−1 must inflate, and not simply a
patch of size H−1. Thus, it seems the inflationary phase
in the Holographic Universe can not be much shorter
than typical inflationary phases in standard cosmological
models.
V. VECTOR PERTURBATIONS IN THE p = ρ
ERA
Vector perturbations (VP) have recently been studied
in the context of bouncing cosmologies, due to their grow-
ing nature in a contracting Universe [44, 45]. However, if
the fluid is stiff enough, VP will also grow in an expand-
ing Universe (as was first pointed out in [46]). We will
now examine them in the context of a ρ = p Universe.
The most general perturbed metric including only VP
is given by [40]
(δgµν) = −a2
(
0 −Si
−Si F i,j + F j,i
)
, (39)
5where the vectors S and F are divergenceless, that is
Si,i = 0 and F
i
,i = 0.
A gauge invariant VP can be defined as [44]
σi = Si + F i ′ . (40)
The most general perturbation of the energy momen-
tum tensor including only VP is given by [47]
(δTαβ) =
(
0 −(ρ+ p)V i
(ρ+ p)(V i + Si) p(pii,j + pi
j
,i)
)
, (41)
where pii and V i are divergenceless. Furthermore V i is
related to the perturbation in the 4-velocity via
(δuµ) =
(
0
V i
a
)
. (42)
Gauge invariant quantities are given by
θi = V i − F i ′ (43)
and pii.
From now on we work in Newtonian gauge where
F i = 0 so that σ coincides with S and θ with V . Note
that there is no residual gauge freedom after going to
Newtonian gauge.
If we assume for simplicity pii = 0 (no anisotropic
stress), the equations of motion for each Fourier mode
Vk and Sk are solved by [44]
Sik =
Cik
a2
, (44)
where Cik is a constant and
V ik =
k24k
2
2(ρ+ p)a2
Sik (45)
∼ k
2Cik
a1−3w
. (46)
Thus, in the stiff fluid dominated phase the metric per-
turbation is decreasing Sik =∼ η−1 but V ik ∼ η is in-
creasing. Nevertheless, the contribution to the perturbed
energy momentum tensor (41) is still finite and, in fact,
decreasing since
(p+ ρ)V ik ∼ a−3(1+w)a−1+3w
∼ η−2 . (47)
A. Consequences
The interpretation of this peculiar behavior of VP is
as follows: in the holographic phase there is so much in-
ertia in the matter sector that eddies expanding with the
Universe are actually speeding up [46]. Since the energy
density in the black hole fluid scales as ρ ∼ a−6 the con-
tribution to the energy momentum tensor due to vortic-
ities becomes more and more significant as the Universe
expands (from Eq. (47), (p + ρ)V ik ∼ a−4). This results
in a turbulent Universe at the end of the holographic
phase. Note that the old arguments that ruled out tur-
bulent cosmologies based on Nucleosynthesis, e.g. [48], do
not apply here, since the Holographic Universe requires
an inflationary phase.
Furthermore, a significant rotation always creates a
significant shear [58]. It seems likely that this will pro-
duce a highly anisotropic Universe after the holographic
phase. We speculate, that it is this back-reaction of VP
that could put an end to the stiff fluid dominated epoch,
since after some time the simple p = ρ fluid description
is no longer accurate. If this is the case, any subsequent
inflationary phase has to resolve an isotropy problem, in
addition to stretching UV perturbations to super Hubble
scales.
VI. TENSOR PERTURBATIONS IN THE p = ρ
ERA
Here we study gravitational waves in the Holographic
Universe. Consider tensor metric fluctuations [31, 49, 50]
about a classical cosmological background
ds2 = a2(η)
[
dη2 − (δij + hij)dxidxj
]
. (48)
The gravitational waves are represented by the second
rank tensor hij(η,x). Expanding the Einstein-Hilbert
action to second order in the fluctuating fields yields
δ2S =
∫
d4x
a2(η)
2
[
(hi j)
′(hj i)
′ − ∂k(hi j)∂k(hj i)
]
.
(49)
Decomposing hij into its two polarization states e
+
ij and
exij gives
hij(η,x) = h+(η,x)e
+
ij + hx(η,x)e
x
ij , (50)
where h+ and hx are coefficient functions. Decomposing
hs, s ∈ {+, x}, into its Fourier modes and defining µsk =
ahsk such that the action for both µ
s
k takes canonical form,
we arrive at the equations of motions
µ′′k +
(
k2 − a
′′
a
)
µk = 0 , (51)
where we suppressed the superscript s. Since, in the case
of Holographic cosmology,
√
3a = z, the above equa-
tion has the same solution as the equation for the scalar
perturbations (20). Thus the spectrum of gravitational
waves behaves in the same way as the spectrum for scalar
perturbations in sections IVA and IVB [59].
VII. CONCLUSION
In this article we computed the spectrum of scalar
and tensor metric perturbations in a Universe that is
6dominated by a stiff fluid with equation of state p = ρ
(e.g., the Holographic Universe). UV perturbations that
stayed inside the Hubble horizon during the entire holo-
graphic phase exhibit a scale invariant spectrum. How-
ever, IR perturbations that enter the Horizon during this
phase yield oscillatory and logarithmic corrections. De-
spite ambiguities related to quantum mechanical initial
conditions, the results seem to be robust with respect to
different choices of the initial vacuum. Because no such
oscillations are observed on scales that enter the horizon
today, we conclude that the required era of inflation af-
ter the holographic phase cannot be much shorter than
it has to be in standard inflationary models of the Uni-
verse. That way, only the scale invariant UV part of the
spectrum becomes observable.
Vector perturbations exhibit growing solutions during
the holographic phase. These result in an anisotropic
and turbulent Universe, if the holographic phase lasts
long enough. We speculate that it is this back-reaction
of vector perturbations that will ultimately put an end
to the holographic phase.
It should be noted that the holographic Universe model
is still in its infancy. The implementation of the much
needed inflationary phase has yet to be achieved. Also, a
better understanding of the microphysical properties of
the black hole fluid and how it originates from an epoch of
quantum gravity is desirable. Although the holographic
cosmology proposal does not eliminate the need for a
period of cosmological inflation, there is hope that it will
help resolve the initial singularity.
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